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Abstract—This paper proposes an equivalent modeling method
(EMM) based on system measurements to reduce the scale of
electrical network. In this method, the equivalent network model
adopts a novel framework with boundary buses interconnected
in order to improve the accuracy of equivalent network while
maintaining the simplicity of the network structure. Obtaining
the unknown parameters of equivalent network is regarded as a
parameter identification problem in EMM, which is actually a
nonlinear programming problem (NLP). The objective function
of this NLP is built upon the predictive errors without the weight
tuning and the unknown parameters are then identified using
interior-point method. Simulation studies on a five-bus system
and an IEEE 30-bus system demonstrate the efficiency and the
practicability of the EMM under different operation states.

Index Terms—Equivalent modeling method, system measure-
ments, parameter identification

I. INTRODUCTION

W ITH the development of electrical utility industry, elec-
trical network has become a large-scale interconnected

system in order to guarantee electricity quality and the reli-
ability of electricity transmission and distribution. However,
solving problems such as static security analysis in such a
large-scale system relies heavily on computing performance
and storage capacity of computers [1]. Hence, to reduce the
dependency on computers performance, network equivalent
techniques (NET) have been developed to reduce the system
and problem scale [2]–[6].

Generally, the electrical network to be equivalenced can
be separated into three parts, including internal network,
boundary bus and external network [7], as illustrated in Fig.1.
The goals of NET are to simplify the external network while
assuring that the analysis results between original network
and equivalent network are closed enough. Among NET,
there are two general classes [8]. One is the topology based
approach, which establishes the equivalent network based on
the topology of whole network. This kind of approaches in-
cludes the well-known Ward equivalent [7] and REI equivalent
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Fig. 1. Interconnected power system.

[9]. However, it is not practical to get the topology of the
whole system for a large utility electric network. The other
is the measurement based approach. In measurement based
approach, external network is regarded as black box and only
the behavior of the stimulus/response will be used to infer
this black box. Then measurement apparatus are placed at
boundary buses and the data of the stimulus / response under
varied operation states is sampled. The errors of analysis
results between the original network and equivalent is called
predictive errors. By setting the predictive errors as objective
function, the unknown parameters of equivalent network can
be identified with the help of optimization algorithms based
on sampled data [3].

In order to improve the accuracy of the equivalent networks,
modeling an equivalent electrical network is significant, but
tough since it is impossible to get access to the detailed infor-
mation about the external network. Even so, some progress
in electric network equivalent modeling has been made in
recent years. To reduce the scale of power system load areas,
Wen et.al. proposed an aggregate load area model (ALAM)
in 2003 and ALAM deals with the network which contains
not only load buses, but also transmission lines and trans-
formers [3], [4]. Then model parameters are identified using a
modified genetic algorithm (GA) in two decoupling steps. A
modified approach to form the ALAM using particle swarm
optimization (PSO) was reported in [8]. There are mainly two
shortcomings in the above two methods. One is that they both
employ the network framework with fictitious bus, while it
is tough to determine the value of voltage at fictitious bus
and therefore the uncertainty and errors of model increase.
The other is that the performance of evolutionary algorithms,
such as GA and PSO, depends on parameters setting, which
seriously limits their practical application.

In this paper, as one kind of NET, EMM is proposed to



reduce the scale of electrical network and replace the unknown
external network with simple circuits. This method adopts a
novel framework with boundary buses interconnected in order
to improve the accuracy of equivalent network while main-
taining the simplicity of the network structure. Then parameter
identification of equivalent network based on measured data is
transformed into NLP. The simplified objective function of this
NLP is derived directly from the predictive errors of equivalent
model, avoiding the weight tuning work. Lastly, the unknown
parameters of equivalent network are identified together using
interior-point algorithm in one-step scheme.

II. EQUIVALENT MODELING METHOD

An illustrative example of equivalent network, which has K
boundary buses, obtained from EMM is described in Fig.2. It
can be seen from Fig.2 that equivalent network is composed of
the following parts: internal network, tie lines, boundary buses,
equivalent load and fictitious lines. Among these five parts, the
internal network, tie lines, boundary buses are inherited from
the original network, while equivalent loads and fictitious lines
are constructed based on data of system measurements.
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Fig. 2. An illustrative example of the EMM framework.

A. Framework of Equivalent Network
The framework proposed in [3] is characterized by intro-

ducing the fictitious bus. However, the fictitious bus does not
physically exist and it is hard to determine the voltage value
on this bus because the objective function can not converge
to zero. The uncertainty of fictitious bus voltage may lead to
inaccurate model. Instead, EMM adopts the topology which is
similar to the Ward equivalent technique [7] and it can be seen
from Fig.2 that EMM builds up the equivalent network without
introducing the fictitious bus. All pairs of boundary buses
are mutually interconnected by fictitious lines. Accordingly,
the determination of line impedance parameters R and X
developed in EMM is of great importance to reduce the errors
of equivalent network.

EMM is one kind of the measurement based approaches,
which means that the parameters of model are obtained from
parameter identification methods. But the topology in Ward
equivalent is obtained by performing Gaussian elimination on
nodal admittance matrix of original network. Furthermore, the
equivalent model of EMM relies on the sampled data only
instead of operation states and topology of the whole network
which are essential for Ward equivalent.

B. Equivalent Load Model

The load model for a bus is a mathematical representation
of the relationship between bus voltage (magnitude and fre-
quency) and the power (active and reactive) consumed in the
load bus [10], [11]:

Pi = Fp(V̇i, f) (1)

Qi = Fq(V̇i, f) (2)

where Pi and Qi are the per unit value of active and reactive
power consumed in the bus i respectively, V̇i is the complex
voltage of bus i, f is the frequency of electric network, Fp and
Fq are two functions which represent the relationship between
the Pi, Qi and V̇i, f .

However, the frequency of voltage is relatively stable during
system operational cycle while the magnitude of bus voltage
may vary greatly due to the change of network structure.
Hence, it is reasonable to consider only the static voltage char-
acteristics of loads in equivalent load model of EMM, which
can be represented by the following polynomial equations [11]:

P eq
i = aeq

1 V
2
i + aeq

2 Vi + aeq
3 (3)

Qeq
i = aeq

4 V
2
i + aeq

5 Vi + aeq
6 (4)

where Vi is the per unit value of load bus voltage magnitude,
and aeq

1 ∼ aeq
6 are the parameters of the equivalent load. This

equivalent load model is also called ZIP load with respect
to constant impedance (Z), constant current (I), and constant
power (P) terms.

In brief, the unknown parameters of equivalent model
developed in EMM include the parameters of fictitious lines
resistance R and reactance X and the parameters of the
equivalent load aeq

1 ∼ aeq
6 . Parameter identification methods

should be designed to determine these parameters, and we
will discuss them in the next subsection.

C. Parameter Identification

Parameter identification is an essential part of system
modeling. The collected data from measurement apparatus is
used to identify the unknown parameters. Using the squared
errors between measured data and calculated value as ob-
jective function, parameter identification problem is actually
a nonlinear programming problem [3], [6]. Generally, this
optimization problem is a nonlinear and high-dimensions prob-
lem. Among optimization algorithms, interior-point method
has been proven to be robust and efficient when solving large-
scale nonlinear programming problem in power system [12],
[13]. Therefore, this paper adopts interior-point method as
optimization algorithm.

In [3], the objective function is formed based on the mini-
mizing the errors between the original real power system and
its equivalent power system variables that embody the ALAM.
Different errors are weighted to represent the predictive errors.
However, there is no conventional method to determine the
weight. In order to avoid the weight tuning work, the objective
function for the interior point method used in the EMM is
formed based on the root-mean-square errors of measured
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value and calculated value of current at boundary buses , which
is given as follows:

F (R,X, aeq) =

√√√√∑J
j=1

∑K
i=1

∣∣∣ ˙
Ijic −

˙
Ijim

∣∣∣2
J

(5)

Ijic = (
P eq
i + jQeq

i

V j
im

)∗ +
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˙
V j
im −

˙
V j
lm
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where i is the notation of the boundary bus, l is the notation
for other boundary buses, K is the total number of boundary
buses, j is the notation of the typical operation state, J is
the total number of typical operation states, ril and xil are
the resistance and reactance of fictitious line between bus i
and bus l respectively, ˙

Ijic and ˙
Ijim are the calculated current

and measured current respectively, which are on the tie line
connected to boundary bus i under jth typical operation state,

˙
V j
im is the measured voltage of boundary bus i under jth

typical operation state.
The unknown parameters of the EMM including the fic-

titious line impedance (R,X) and the coefficients of the
equivalent load aeq

1 ∼ aeq
6 are identified in a combined manner

instead of using the distributed steps introduced in [3], [4].
The flow chart for identifying the unknown parameters of

the EMM is shown in Fig.3.
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Input the model of original electrical network.
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boundary buses under typical operation conditions
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Fig. 3. Flow chart of parameter identification

III. SIMULATION STUDIES

Simulation studies have been conducted on a five-bus power
system and IEEE 30-bus system respectively to verify the
effectiveness of the EMM proposed in this paper.

A. Case 1: 5-bus System

The five-bus system is shown in Fig.4. This system consists
of two separated generators, which supply the power for three
loads via two transformers and transmission lines. The data of

the test system are given in [3]. In this case, bus 2 and 3 can be
regarded as boundary buses and the area with dotted rectangle
can be regarded as external network. The rest of network is
the internal network. In terms of external network we defined
here, the framework of equivalent network in EMM provided
before can be used thereby the structure of equivalent network
can be obtained as in Fig.4.

There are totally 14 parameters to be identified, which
include the resistance and the reactance of fictitious lines, and
the twelve unknown parameters of equivalent load in bus 2
and bus 3. The parameters determine the similarity between
the original network and the equivalent network. To make sure
that the parameters can well adapt to different operation states,
the measurements are based on three typical operation states:

• OS1: Normal operation conditions. All of the data about
this state are given in the [3].

• OS2: Normal operation conditions but the output active
power of generator G1 decreased by 10% and its terminal
voltage decreased by 5%.

• OS3: Normal operation conditions but the tap ratios of
the two transformers changed from 1.0 to 1.1.

Following the preceding steps introduced in Fig.3, the 14
unknown parameters are identified and then listed in Table I
and Table II. The convergence characteristic of interior-point
method is shown in Fig.5.

TABLE I
THE PARAMETERS OF EQUIVALENT LOAD AT BOUNDARY BUSES

a
eq
1 a

eq
2 a

eq
3 a

eq
4 a

eq
5 a

eq
6

Bus 2 -1.0945 2.6675 1.1742 2.5212 -8.4690 7.1746
Bus 3 -1.1613 1.8755 4.0263 -0.3194 -0.3292 2.2573

TABLE II
THE PARAMETERS OF FICTITIOUS LINE

from bus to bus r(p.u.) x(p.u.)

2 3 0.0178 0.1931

In order to verify the accuracy of the equivalent network
with identified parameters in Fig.4, the bus voltages obtained
from power flow calculation of original network and equivalent
network under normal operation condition is shown in Fig.6. It
can be seen from the Fig.6 that the accuracy of the equivalent
network is pretty high because the bus voltages between these
two model is very closed under normal operation condition.

Apart from normal operation condition, three series tests
are applied to demonstrate the effectiveness and robustness of
EMM. In series tests, the maximum errors of the bus voltages
magnitudes between the equivalent network and the original
network is used to evaluate the accuracy of the equivalent
network:

∆Vmax = max
∀n∈I

(
|Vnm − Vnc|

Vnm
× 100%) (7)
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Fig. 4. The original network and equivalent network of 5-bus system.
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Fig. 5. The convergence characteristic of interior-point method.
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Fig. 6. Comparison of voltage between original network and equivalent
network under normal operation condition.

where the meaning of m and c is the same as (5), n is the
index for the buses in equivalent network, and I is the total
number of the buses in equivalent network.

Test 1: Assume that the system operates in normal condi-
tions but the active power outputs from each generator changes
from -10% of its normal output to +10% in 1% increments.
The maximum errors of the bus voltages magnitudes in each
operation state are shown in Fig.7.

Test 2: Assume that the system operates in normal condi-
tions but the tap ratio of the each transformer between changes
from -10% of its normal value to +10% of its normal value
in 1% increments. The maximum errors of the bus voltages
magnitudes in each operation state are shown in Fig.8.

Test 3: Assume that the system operates in normal con-
ditions but the value of voltage outputs from each generator
changes from -10% of its normal output to +10% in 1% incre-
ments. The maximum errors of the bus voltages magnitudes
in each operation state are shown in Fig.9.
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Fig. 7. Maximum errors while changing the active power output.
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Fig. 8. Maximum errors while changing the tap ratios of transformers.
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Fig. 9. Maximum errors while changing the terminal voltages.

It can be seen from these figures that equivalent network
obtained from EMM can represent the original network very
well under different operation states because the errors are
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pretty slight. Besides, under operation states which deviate
largely from typical ones, errors are relatively bigger than s-
tates closed to typical ones. Furthermore, the terminal voltages
of generators have a greater impact on the accuracy of the
model.

B. Case 2: IEEE 30-Bus System

A similar simulation study has been undertaken on an IEEE
30-bus system which is shown in Fig.10. This system consists
of 41 branches, six generators and the data about this system
are given in [14]. The area shown in the dotted rectangle can
be considered as external network, and bus 10, 15 and 27 can
be regarded as boundary buses. Using EMM, a much simpler
equivalent network, which contains only 28 branches and 19
buses, can be obtained in Fig.10.

In order to identify the 24 unknown parameters, the mea-
surement is based on two typical operating states as follows:
• OS1: Normal operation conditions. Normal operation

condition. All of the data about this state are given in
[3].

• OS2: Normal operation condition but the output active
powers of generators G2, G3 and G4 decreased by 10%.

The parameters of the equivalent network, are given in Table
III and Table IV and the convergence characteristic of interior-
point method is shown in Fig.11.

A similar test as on the 5-bus system under normal operation
condition has been carried out, and Fig.12 indicates that
equivalent network obtained from EMM keeps high accuracy
even though the system to be equivalenced is more compli-
cated. Furthermore, Three similar series tests as on the 5-bus
system have been conducted to evaluate the effectiveness and
robustness of the equivalent network. The results are given in
Fig.13, Fig.14 and Fig.15.

TABLE III
THE PARAMETERS OF EQUIVALENT LOAD AT BOUNDARY BUSES

a
eq
1 a

eq
2 a

eq
3 a

eq
4 a

eq
5 a

eq
6

Bus 10 1.6253 0.0060 -1.4676 -0.4865 0.0936 0.6195
Bus 15 -1.8144 0.1379 1.9382 0.2302 0.0021 -0.2091
Bus 27 1.1128 0.0216 -1.0170 -0.0352 0.0148 0.0621

TABLE IV
THE PARAMETERS OF FICTITIOUS LINES

from bus to bus r(p.u.) x(p.u.)

10 15 4.7594 0.7343
15 27 4.7131 1.2262
10 27 5.0879 -0.1101

In addition to the conclusions obtained in the 5-bus system,
we can also know the equivalent network still keeps pretty
high accuracy though the scale of original network has already
been reduced a lot, which illuminates the feasibility of EMM
in large-scale electrical network.
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Fig. 10. The original network and equivalent network of IEEE 30-Bus System.
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Fig. 11. The convergence characteristic of interior-point method.

IV. CONCLUSION

This paper has proposed EMM for reducing the scale of
electrical network. A novel framework with boundary buses
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Fig. 12. Comparison of voltage between original network and equivalent
network under normal operation condition.
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interconnected has been employed in EMM. With respect to
parameter identification scheme, the objective function based
on predictive errors has been simplified to avoid the weight

tuning and then the unknown parameters have been identified
together using interior-point method. Simulation studies have
been taken on a five-bus system and an IEEE 30-bus system.
The results of simulation studies indicate that though the
equivalent network obtained from EMM is much smaller than
the original network, it can represent the characteristic of the
original network in pretty high accuracy and well adapt to
different operation states. Lastly, the simulation results from
IEEE 30-bus system indicate EMM is promising in reducing
the scale of large-scale electrical network.

REFERENCES

[1] G. Zhou, X. Zhang, Y. Lang, R. Bo, Y. Jia, J. Lin, and Y. Feng, “A novel
gpu-accelerated strategy for contingency screening of static security
analysis,” International Journal of Electrical Power & Energy Systems,
vol. 83, pp. 33–39, 2016.

[2] P. Wang and R. Billinton, “Reliability assessment of a restructured power
system using reliability network equivalent techniques,” IET Proceedings
- Generation Transmission and Distribution, vol. 150, no. 5, pp. 555–
560, 2003.

[3] J. Y. Wen, L. Jiang, Q. H. Wu, and S. J. Cheng, “Power system
load modeling by learning based on system measurements,” IEEE
Transactions on Power Delivery, vol. 18, no. 2, pp. 364–371, 2003.

[4] J. Y. Wen, Q. H. Wu, K. I. Nuttall, D. W. Shimmin, and S. J. Cheng,
“Construction of power system load models and network equivalence
using an evolutionary computation technique,” International Journal of
Electrical Power & Energy Systems, vol. 25, no. 4, pp. 293–299, 2003.

[5] L. RodrguezGarcia, S. PrezLondoo, and J. MoraFlrez, “Load area
aggregation considering integration of electric vehicles to the system,”
Ingenieria E Investigacin, vol. 35, no. 1Sup, pp. 42–49, 2015.

[6] P. Regulski, D. S. Vilchis-Rodriguez, S. Djurovi, and V. Terzija, “Esti-
mation of composite load model parameters using an improved particle
swarm optimization method,” IEEE Transactions on Power Delivery,
vol. 30, no. 2, pp. 553–560, 2015.

[7] J. B. Ward, “Equivalent circuits for power-flow studies,” Transactions
of the American Institute of Electrical Engineers, vol. 68, no. 1, pp.
373–382, 1949.

[8] J. L. Wei, J. H. Wang, Q. H. Wu, and N. Lu, “Power system aggregate
load area modelling by particle swarm optimization,” International
Journal of automation and Computing, vol. 2, no. 2, pp. 171–178, 2005.

[9] F. Milano and K. Srivastava, “Dynamic rei equivalents for short circuit
and transient stability analyses,” Electric Power Systems Research,
vol. 79, no. 6, pp. 878–887, 2009.

[10] M. G. L. P. Kundur, N. J. Balu, Power System Stability and Control.
McGraw-Hill Press, 1993.

[11] W. W. Price, H. D. Chiang, H. K. Clark, C. Concordia, D. C. Lee,
J. C. Hsu, S. Ihara, C. A. King, C. J. Lin, and Y. Mansour, “Load
representation for dynamic performance analysis,” IEEE Transactions
on Power Systems, vol. 8:2, no. 2, pp. 472–482, 1993.

[12] H. Wei, H. Sasaki, J. Kubokawa, and R. Yokoyama, “An interior point
nonlinear programming for optimal power flow problems with a novel
data structure,” vol. 13, no. 3, pp. 870–877, 1998.

[13] R. Jabr, A. H. Coonick, and B. J. Cory, “A primal-dual interior point
method for optimal power flow dispatching,” IEEE Transactions on
Power Systems, vol. 22, no. 7, pp. 55–55, 2002.

[14] K. Y. Lee, Y. M. Park, and J. L. Ortiz, “A united approach to optimal real
and reactive power dispatch,” IEEE Transactions on Power Apparatus
& Systems, vol. PAS-104, no. 5, pp. 1147–1153, 1985.

6


